Abstract. The study of n-Selmer group of elliptic curve over number field in recent past has led to the discovery of some deep results in the arithmetic of elliptic curves. Given two elliptic curves E1 and E2 over a number field K, Mazur-Rubin[M-R] have defined them to be n-Selmer companion if for every quadratic twist χ of K, the n-Selmer groups of E χ 1 and E χ 2 over K are isomorphic. Given a prime p, they have given sufficient conditions for two elliptic curves to be p r -Selmer companion in terms of mod-p r congruences between the curves. We discuss an analogue of this for modular forms in terms of both Greenberg and Bloch-Kato p r -Selmer group. Our methods are different from Mazur-Rubin[M-R]. As a by-product, we give a criterion to determine when Bloch-Kato and Greenberg p rSelmer groups over Q of an ordinary modular form are isomorphic.
Introduction
The study of n-Selmer group of elliptic curves over number field has been of considerable interest in recent past. For example, for certain n, some striking results on the bounds on the average rank of n-Selmer group of elliptic curves over Q has been established by Bhargava et. al. On the other hand, some deep results related to the rank distribution of n-Selmer group for certain n, of a family consisting of all quadratic twist of an elliptic curve, has been studied by Mazur-Rubin and others (cf. [M-R] ). In [M-R] , instead of the rank distribution of the n-Selmer group over the family, they formulate the inverse question: given a prime p and a number field K, what all information about E is encoded in the p-Selmer group of an elliptic curve E over K? Motivated by this question, they define the following in [M-R, Defintion 1.2]:
Definition 0.1. Let K be a number field and n ∈ N be fixed. Two elliptic curves E 1 , E 2 are said to be n-Selmer companion, if for every quadratic character χ of K, there is an isomorphism of n-Selmer groups of E χ 1 and E χ 2 over K i.e. S n (E χ 1 /K) ∼ = S n (E χ 2 /K). That naturally led them to study p r -Selmer companion elliptic curves for a (fixed) prime p with r ∈ N. They gave sufficient conditions for two elliptic curves to be p rSelmer companion in terms of various conditions related to mod p r -congruences between the curves (see main theorem [M-R, Theorem 3.1]). They point out in [M-R, §1] that it would be interesting to investigate this phenomenon more generally for p r -Selmer group of motives instead of elliptic curves and that has led us to study this.
In this article, we fix a prime p and study both Greenberg and Bloch-Kato p r -Selmer groups associated to modular forms and discuss p r -Selmer companion modular forms for both Greenberg and Bloch-Kato Selmer groups. To avoid various technical difficulties which naturally arises in our case of modular forms, we make the following restrictive hypothesis on the prime p and the elliptic normalized Hecke eigenform f ∈ S k (Γ 0 (N ), ǫ); which we assume throughout the paper:
p is odd and f is p-ordinary.
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Also, we state all our results for Selmer groups defined over Q (see §1.3). However, it can be seen from our proofs that our results can be extended to a general number field K at the cost of notation and hypothesis becoming more cumbersome but essentially same in nature. A sample of our results is given in the following corollary which is a special case of our two main theorems (Theorem 2.1, Theorem 3.7) for weight k = 2 and nebentypus ǫ = 1. Our main theorems includes the cases k > 2, nebentypus is non-trivial.
Corollary 0.2. We fix an odd prime p and N ∈ N with (N, p) = 1. Let i ∈ {1, 2} and f i be a p-ordinary normalized Hecke eigenform in S 2 (Γ 0 (N p t i )), where t i ∈ N ∪ {0}. Let K f 1 ,f 2 be the number field generated by the Fourier coefficients of f 1 , f 2 and π be a uniformizer of the ring of integers of the completion of K f 1 ,f 2 at a prime above p. Let r ∈ N and
(1) N is square-free and ∀ℓ ∈ {ℓ prime : ℓ || N }, cond ℓ (ρ f 1 ) = ℓ = cond ℓ (ρ f 2 ). Then for every quadratic character χ of G Q , we have an isomorphism of the π r -Greenberg Selmer groups of f 1 ⊗ χ and f 2 ⊗ χ over Q i.e.
In addition to (1), if we assume
. then for every quadratic character χ of G Q , we have an isomorphism of π r -Bloch-Kato Selmer groups of f 1 ⊗ χ and f 2 ⊗ χ over Q i.e.
The basic strategy of the proof is to compare each local factor which arise in the definition of Selmer group. Note that for weight k ≥ 2 there are k − 1 critical values associated to a cuspidal eigenform. Thus there are k − 1 many Selmer groups associated to a modular form; and for f 1 and f 2 to be † π r -Selmer companion, we need each j with 0 ≤ j ≤ k − 2 and every χ,
Q) with † ∈ {Gr, BK} (see Definition 1.3) . This puts considerable restriction on two modular forms to be π r Selmer companion. We refer to Remark 3.8 for some details regarding the technical difficulties that we come across. Moreover, we do not have an obvious analogue of using fppf cohomology on Néron model of elliptic curve, used by Mazur-Rubin for treating the crucial case of local factors of Selmer group at primes above p. Thus we use different methods; first we study π r Greenberg Selmer companion forms and then we compare π r Greenberg and Bloch-Kato Selmer group of each of the forms. Recall that the difference between p ∞ Greenberg and Bloch-Kato Selmer group has been estimated by Flach, Ochiai and many others (cf. [Oc] ). In Corollary 3.9, we give a criterion to determine when π r Bloch-Kato and Greenberg Selmer groups of a modular form are isomorphic. These conditions can be numerically verified in many cases, as we have illustrated in §4.
Indeed, our method for local factors at primes ℓ with ℓ = p is also different; we impose some condition on the conductor of the residual mod ℓ-Galois representation and use some Iwasawa theoretic techniques. We have shown in §4, this condition can be verified in many cases; for example using level lowering results Ribet, Serre et. al.
Our results in the case of elliptic curves is somewhat weaker than [M-R]. However, our main goal is to prove the result for the cases not covered in [M-R] and even in the cases of elliptic curves, we believe our approach is different from [M-R] .
In Definition 3.10 we take the liberty to extend the definition of Selmer companion for two cuspforms of different weights. Using this definition in Corollary 3.11, we give sufficient conditions for two forms of two different weights (different p-power level and different nebentypus) to be π r -Selmer companion. In particular, this gives us example of π r -Selmer companion forms within an ordinary Hida family.
The structure of the article is as follows. After fixing the notation and basic set-up in §1.1, we recall the Galois representation attached to a p-ordinary newform in §1.2 and §1.3 contains the definition of Greenberg and Bloch-Kato π r -Selmer group of a twisted cuspidal eigenform. Greenberg (respectively Bloch-Kato) π r -Selmer companion forms are discussed in §2 (respectively §3). We compute several numerical examples verifying our results (at weight 2 as well as at higher weights) in §4.
1. Preliminaries 1.1. Notation and set up: Throughout we fix an embedding ι ∞ of a fixed algebraic closureQ of Q into C and also an embedding ι ℓ ofQ into a fixed algebraic closureQ ℓ of the field Q ℓ of the ℓ-adic numbers, for every prime ℓ. Fix an odd prime p and a positive integer N with (N, p) = 1. Let i ∈ {1, 2} and
, be a normalized cuspidal Hecke eigneform which is a newform of conductor N p t i and nebentypus ǫ i . We assume that ǫ i is a primitive Dirichlet character of conductor C i . Then C i | N p t i . We can write ǫ i = ℓ ǫ i,ℓ where ǫ i,ℓ is a primitive Dirichlet character of conductor = ℓ n(i,ℓ) with n(i, ℓ) ∈ N, for every prime divisor ℓ of C i . In particular, we can
The order of a Dirichlet character τ := the order of the subgroup of the roots of unity in C * generated by the image of τ . We define a condition (C ′ i,ℓ ) to be used later:
,ǫ be the number field generated by the Fourier coefficients of f 1 , f 2 and values of ǫ. Let π K be a uniformizer of the ring of integers O K of completion of K at a prime p lying above p induced by the embedding ι p . To ease the notation, we often write
Note that, by definition p ∈ S. For any separable field K, G K will denote the Galois group Gal(K/K). For any O K module M , M [π r ] will denote the set of π r torsion points of M . For a group G acting on a module M , we denote by M G = {m ∈ M |gm = m ∀g ∈ G}. Also for a number field or a p-adic field field F , and a discrete Gal(F /F ) module M , H i (F, M ) will denote the Galois cohomology group H i (Gal(F /F ), M ).
1.2.
Galois representation of a modular form. Let p be a fixed odd prime and A ∈ N with (A, p) = 1. Let h = a n (h)q n ∈ S k (Γ 0 (Ap t ), ψ) be a normalized eigenform of weight k ≥ 2 and nebentypus ǫ. Then h is p-ordinary if ι p (a p (h)) is a p-adic unit. Let K h be the number field generated by the Fourier coefficients of h and the values of ψ. Let L be a number field containing K h and L p denote the completion of this number field at a prime p lying above p induced by the embedding ι p . Let O L denote the ring of integers of L p and π L be a uniformizer of O L . We denote by ω p :
[Eichler, Shimura, Deligne, Mazur-Wiles, Wiles etc.] Let h = a n (h)q n ∈ S k (Γ 0 (Ap t ), ψ) be a p-ordinary newform of weight k ≥ 2 where (A, p) = 1. Then there exists a Galois representation,
(1) at all primes ℓ ∤ Ap, ρ h is unramified with the characteristic polynomial of the (arithmetic) Frobenius is given by
It follows (by the Chebotarev Density Theorem) that det(
be the residual representation of ρ h .
Definition of the Selmer groups.
We choose and fix a quadratic character χ and set M := cond(χ).
Let Σ be a finite set of primes of Q such that Σ ⊃ S ∪ {p} ∪ M . Let Q Σ be the maximum algebraic extension of Q unramified outside Σ and set G Σ (Q) = Gal(Q Σ /Q). In this subsection, we use h as a notation for f 1 or f 2 i.e. h ∈ {f 1 , f 2 }. In that case, we can take
we have an induced G Q action on the discrete module A h := V h /T h . We also have the canonical maps
Further, by the p-ordinary property of ρ h , A h has a filtration as a G p module 
. We get a filtration on A hχ(−j) similar to the equation (5).
For every prime q ∈ Σ, let choose a subset
For any r ∈ N, there is a canonical map
Next we define π r †-Selmer group S † (A hχ(−j) [π r ]/Q) as
where
is induced from i hχ(−j),r in (7). When there is no confusion, we may denote i * r := i * hχ(−j),r . Now we will make special choice of H 1 † (Q q , A hχ(−j) ) for every q ∈ Σ, to define Greenberg and Bloch-Kato Selmer group. Let † ∈ {Gr, BK} with Gr and BK are defined as follows:
For a prime q ∈ Q, I q is the inertia group ofQ/Q at q and p * hχ(−j) :
Next for a q ∈ Σ, set
where,
and
where B crys is as defined by Fontaine in [Fo] . This completes the definition of Greenberg and Bloch-Kato Selmer groups. We also recall the definition of a subgroup
where B dR as defined by Fontaine in [Fo] . Finally, we define π r -Selmer companion modular forms. Definition 1.3. Let i ∈ {1, 2} and f i ∈ S k (Γ 0 (N p t i ), ǫ i ) be a normalized cuspidal eigenform. Let r ∈ N and † ∈ {Gr, BK}. We say f 1 and f 2 are π r †-Selmer companion if for each critical twist j with 0 ≤ j ≤ k − 2 and for every quadratic character χ of G Q , we have an isomorphism of π r -Selmer groups of f 1 ⊗ χω
Greenberg Selmer Companion forms
In this section we determine sufficient conditions for two modular forms to be π rGreenberg Selmer Companion. Our main result in this section is the following: Theorem 2.1. Let p be an odd prime and for i = 1, 2, let f i be a p-ordinary normalized eigenform in S k (Γ 0 (N p t i ), ǫ i ), where (N, p) = 1, k ≥ 2, t i ∈ N ∪ {0}. Recall from §1.1, C ′ i is the tame conductor of ǫ i . Let r ∈ N and φ :
We assume the following:
(1) N is square-free and ∀ℓ ∈ S, cond ℓ (ρ f 1 ) = ℓ = cond ℓ (ρ f 2 ).
(2) The condition (C ′ i,ℓ ), defined in equation (1), is satisfied for i = 1, 2.
(3) k be such that ω k−1 p ǫ p = 1 (mod π). Then for each fixed j with 0 ≤ j ≤ k − 2, and for every quadratic character χ of G Q there is an isomorphism
Here cond ℓ (ρ f 1 ) and cond ℓ (ρ f 2 ) are defined following Serre and can be found in [Li, §1, Page 135] . The proof of the theorem is divided into several Lemmas and Propositions. Proposition 2.2. Let i ∈ {1, 2} and f i ∈ S k (Γ 0 (N p t i ), ǫ i ) with (N, p) = 1. Assume N is square-free and ∀ℓ ∈ S, cond ℓ (ρ f i ) = ℓ. Also assume the hypothesis (C ′ i,ℓ ) defined in equation (1) . Then for every quadratic character χ of G Q , for any j ∈ Z and for every prime ℓ ∈ Σ \ {p}, cond ℓ (ρ f i χ(−j) ) = cond ℓ (ρ f i χ(−j) ).
Proof. Let i ∈ {1, 2}. Recall, M = Conductor of χ and C i = conductor of ǫ i . Then M = D or 4D with D square-free. Note as ω p is unramified at ℓ, cond ℓ (ρ f i χ(−j) ) = cond ℓ (ρ f i χ ) and cond ℓ (ρ f i χ(−j) ) = cond ℓ (ρ f i χ ). Thus it suffices to show that for every quadratic character χ of G Q , cond ℓ (ρ f i χ ) = cond ℓ (ρ f i χ ). We prove this by considering various cases.
Case 1 ℓ||N and ℓ ∤ M : Since ℓ ∤ M , χ is unramified and we have cond ℓ (ρ f i χ ) = cond ℓ (ρ f i ) and cond ℓ (ρ f i χ ) = cond ℓ (ρ f i ). Now from the first assumption of the proposition, we have cond
Case 2 ℓ ∤ N and ℓ | M : Since ℓ ∤ N , ρ f i is unramified. Therefore cond ℓ (ρ f i χ ) = cond ℓ (χ) and cond ℓ (ρ f i χ ) = cond ℓ (χ) whereχ denote the residual character mod π associated to χ. Since χ is a quadratic character and p = 2, cond ℓ (χ) = cond ℓ (χ). This implies that cond ℓ (ρ f i χ ) = cond ℓ (ρ f i χ ).
Case 3 ℓ||N, ℓ ∤ C ′ i and ℓ|M : By our assumption, cond ℓ (ρ f i ) = cond ℓ (ρ f i ) = ℓ. Then from [Li, Page 135] , we get
In particular, codimρ
This implies thatρ f i has an unramified submodule, sayV 1 . PutV 2 :=V f i /V 1 whereV f i denote the vector space corresponding toρ f i . Letχ 1 andχ 2 be the characters associated toV 1 andV 2 respectively. As ℓ ∤ C ′ i , we getχ 1χ2 =ω k−1 pǭ i . This implies that χ 2 is also unramified. Thus we haveρ f i ∼ χ 1 * 0χ 2 and consequentlȳ
Now χ being quadratic and ℓ | M , both χ andχ are ramified ramified at ℓ. In particular,
On the other hand,
where η i is an unramified character (see [Hi, Theorem 3.26(3) ]). Again as χ is ramified at ℓ, we deduce (V f i χ ) I ℓ = 0; in other words, codim (V f i χ ) I ℓ = 2 as well. Further by [Li, Prop. 1.1] 
Case 4 ℓ||N, ℓ | C ′ i and ℓ|M : In this case, [Hi, Theorem 3.26(3) ]). Similarly,
Note that as ℓ | M , both χ andχ are ramified at ℓ as in the previous case. First we consider the subcase whenǭ iχ is ramified at ℓ. This implies that ǫ i χ is also ramified. Thus codim (
Next we assumeǭ iχ is unramified i.e.ǭ i,ℓχℓ is trivial. Then we haveǭ 2 i,ℓ is trivial. Now by the second assumption of the proposition, the order of ǫ 2 i,ℓ is not a positive power of p. Henceǭ 2 i,ℓ is trivial gives ǫ 2 i,ℓ is also trivial. Thus ǫ i,ℓ and ǫ i,ℓ χ ℓ are both quadratic characters. Henceǭ i,ℓχℓ is trivial implies ǫ i,ℓ χ ℓ is trivial. Then using
and χ is ramified at ℓ, we deduce codim (
Corollary 2.3. We keep the hypotheses of Proposition 2.2. Then for every quadratic character χ of G Q and for the (−j) th Tate twist of f i ⊗ χ, we have A
Proof. This is a direct consequence of Proposition 2.2 and [E-P-W, Lemma 4.1.2].
Lemma 2.4. Let us keep the hypotheses of Proposition 2.2. Then for every q ∈ Σ \ {p}, every χ and every j, we have
Proof. Consider the commutative diagram
Iq . It follows from Corollary 2.3 that ker(s r ) = 0 which proves the lemma.
Using Lemma 2.4, the following expression of
Lemma 2.5. We keep the hypotheses of Proposition 2.2. Then we have an exact sequence
.
Next we study the p-part of the local terms defining
Proof. Case 1: 
to complete the proof of the Lemma. As j > 0, we have (A ′′ f i χ(−j) ) Ip is finite. Moreover, as
) is finite as well. Now the second assumption (ω
) is injective. Thus we have shown that
On the other hand, divisibility of A
r is injective. Now by an argument similar to Case 1, we get that
From the discussions in Case 1 of Proposition 2.6, we deduce the following corollary.
Corollary 2.7. Assume that either (i) j = 0 or (ii) j > 0 and ω
is not a quadratic character. In particular, we have (ω −j p χ) | Ip = 1 (mod π) and conditions (i) and (ii) of Corollary 2.7 are satisfied. Corollary 2.9. We keep the hypotheses of Proposition 2.2. Then it follows from Lemma 2.4, Lemma 2.5 and Proposition 2.6 that:
In other case i.e. when (ω
Consequently, for all quadratic character χ and all 
Using (12) and (13), we finally get the required G p linear isomorphism
Proof of Theorem 2.1: It is now plain from Corollary 2.9 and Lemma 2.10.
Bloch-Kato Selmer Companion forms
In this section we study Bloch-Kato Selmer Companion forms. We shall begin by comparing Greenberg and Bloch-Kato Selmer group. Recall from Theorem 1.2(2), λ f i is the unramified character of G p with λ f i (Frob p ) = α p (f i ).
Proposition 3.1. Let i ∈ {1, 2}. We assume all of the following hypotheses. (1) The tame level N of f i is square-free and ∀ℓ ∈ S, cond ℓ (ρ f i ) = ℓ. (2) The condition (C ′ i,ℓ ), defined in equation (1), is satisfied. (mod π). Thus using the given hypothesis, the first of the lemma follows.
For the second part, there is an exact sequence via Kümmer theory
